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Relation between widths of proton resonances and neutron asymptotic normalization
coefficients in mirror states of light nuclei in a microscopic cluster model.
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It has been suggested recently (Phys. Rev. Lett. 91, 232501 (2003)) that the widths of narrow
proton resonances are related to neutron Asymptotic Normalization Coefficients (ANCs) of their
bound mirror analogs because of charge symmetry of nucleon-nucleon interactions. This relation
is approximated by a simple analytical formula which involves proton resonance energies, neutron
separation energies, charges of residual nuclei and the range of their strong interaction with the last
nucleon. In the present paper, we perform microscopic-cluster model calculations for the ratio of
proton widths to neutron ANCs squared in mirror states for several light nuclei. We compare them
to predictions of the analytical formula and to estimates made within a single-particle potential
model. A knowledge of this ratio can be used to predict unknown proton widths for very narrow
low-lying resonances in the neutron-deficient region of the sd- and pf -shells, which is important for
understanding the nucleosynthesis in the rp-process.
PACS numbers: 21.10.Jx, 21.60.Gx, 27.20.+n, 27.30.+t
I. INTRODUCTION
Many nuclear reactions occur due to virtual and real
decays of nuclear levels. The amplitudes of these de-
cays are important structural characteristics of nuclei and
their knowledge is needed to predict reaction cross sec-
tions correctly. The decay amplitudes are related in a
simple way to the asymptotic normalization coefficients
(ANCs) [1, 2]. The latter determine the magnitude of
the large distance behaviour of the projections of nuclear
wave functions into their decays channels. A growing in-
terest of the nuclear physics community to the ANCs is
connected with their applications in nuclear astrophysics.
It has been realised recently that the amplitudes of
one-nucleon decays of two mirror nuclear states into
mirror-conjugated channels should be related if charge
symmetry of NN interactions is valid [3]. As a con-
sequence, the ANCs of a pair of particle-bound mirror
states can be linked by an approximate analytical ex-
pression, given in Ref. [3], which contains only nucleon
separation energies, charges of the product nuclei and the
range of the strong interaction between the last nucleon
and a core. This link can be used to predict cross sections
of non-resonant proton capture if mirror neutron ANCs
are known.
In bound-unbound mirror pairs, mirror symmetry of
one-nucleon decay amplitudes manifests itself via a link
between the width Γp of a proton resonance and the ANC
Cn of its mirror bound analog [3]. With several assump-
tions, one of which suggests that mirror nuclei have ex-
actly the same wave functions in the nuclear interior, the
ratio
RΓ = Γp/C2n, (1)
can be approximated by the expression
RΓ ≈ Rres0 =
h¯2κp
µ
∣∣∣∣ Fl(κpRN )κpRN jl(iκnRN )
∣∣∣∣
2
(2)
from Ref. [3]. In this expression, l is the orbital mo-
mentum, κp(n) = (2µ/h¯
2ǫp(n))
1/2, ǫp(n) is the energy of
the proton resonance (neutron separation energy), µ is
the reduced mass for the last nucleon plus core, Fl is
the regular Coulomb waves function, jl is the spherical
Bessel function and RN is the range of the strong in-
teraction between the last nucleon and the core. Sev-
eral examples considered in Ref. [3] have shown that
for narrow l 6= 0 resonances the predictions of formula
(2) are close to predictions of a single-particle potential
model in which charge symmetry of mirror potential wells
and equality of mirror spectroscopic factors are assumed.
However, for the broad s-wave resonance 13C(12
+
) these
predictions diverged by about 40%. Moreover, for two
mirror pairs the ratio RexpΓ , constructed using measured
proton widths and neutron ANCs, deviate from the pre-
dictions of both the analytical formula and the single-
particle model. Therefore, an improved theoretical un-
derstanding of the relation between widths of proton res-
onances and ANCs of their mirror analogs is required.
A proper understanding of the link between the width
of a proton resonance and the neutron ANC of its miror
analog can be important for predicting the rate for a
particular class of resonant proton capture reactions at
stellar energies. This class includes reactions that pro-
ceed via very narrow isolated resonance states the pro-
ton width Γp of which is either comparable to or much
less than its γ-decay width Γγ . The capture rates for
these reactions, determined by ΓpΓγ/(Γp + Γγ), depend
strongly on Γp. Such narrow resonances can be found
in the neutron-deficient region of the sd and pf shells
2(for example, some levels in 25Si, 27P, 33Ar, 36K and
43,46V) and their study is important for understanding
nucleosynthesis in the rp process. For the resonances
mentioned above Γp can be much less than 1 eV. Direct
measurements of such tiny widths using proton elastic
scattering are impossible. Proton transfer reactions can
be used instead. Their analysis (for example, within the
distorted-wave formalism) provide spectroscopic factors
which are combined together with single-particle widths
to get necessary partial proton widths Γp. However, un-
certainties in Γp extracted using such a procedure are
about 50% [4]. These uncertainties arise because of prob-
lems in the theoretical treatment of stripping reactions
to the continuum and due to uncertainties in prediction
of single-particle proton widths.
We suggest an alternative way to determine very small
proton widths using the link RΓ to the neutron ANCs of
their particle-stable mirror analogs. The neutron ANCs
Cn can be determined from experiments with transfer re-
actions to bound states, the theoretical analysis of which
encounters less problems than that of stripping to con-
tinuum. The neutron ANCs can be determined with
typical accuracy of 10 to 20%. If the uncertainties in
RΓ are less than 10%, then the accuracy of determina-
tion of Γp = RΓC2n can be between 10 to 30%. This is
more accurate than the distorted wave analysis of strip-
ping to continuum can provide. If the determination of
Cn requires experiments with stable beams rather than
with radioactive beams, then even better accuracy may
be achieved.
In this paper, we calculate the ratio RΓ for some reso-
nances in 8B, 12,13N, 23Al and 27P within a microscopic
cluster model (MCM) which is ideally suited for studying
decay properties of nuclear levels. In our previous work
[5], we used the same model to study mirror symmetry
in ANCs for bound states of these nuclei. Our study has
confirmed the general trend predicted by the simple an-
alytical formula of Ref. [5] for bound-bound mirror pairs
which is similar to Eq. (2). The deviations from this
formula were in general less than 7% but could increase
up to 12% for loosely bound s-states with a node and
for nuclei with strongly excited cores. Here, we compare
the calculated ratio RΓ to the analytical formula (2) and
to estimates obtained within a single-particle potential
model on the assumption that single-particle potential
wells for mirror states are the same. First of all, we clar-
ify in Sec. II the meaning of Γp in formula (2). Then in
Sec. III we compare the predictions of this formula with
exact two-body calculations. In Sec.IV we explain briefly
our microscopic cluster model. In Sec. V we study the
ratio RΓ in the MCM. In Sec. VI we discuss mirror sym-
metry in spectroscopic factors in bound-unbound mirror
pairs and in Sec. VII we summarise our study and draw
conclusions.
II. LINK BETWEEN Γp AND MIRROR ANCS
The approximation (2) for RΓ has been derived in Ref.
[3] on the assumption that Γp = (h¯
2κp/µ)Spb
2
p [2], where
Sp is the spectroscopic factor, bp is the single-particle
ANC of the Gamow function describing the proton mo-
tion in the resonance state, and that S
1/2
l bp can be rep-
resented by an integral containing the wave functions of
nuclei A and A−1 and the interaction potential between
the proton and A− 1. In reality, different definitions for
resonance widths exist [6]. These definitions give similar
widths for narrow resonances but may diverge for broad
resonances. Therefore, before studying relations between
the proton resonance widths and the ANCs of their mir-
ror bound analogs it is important to clarify what do we
mean here by a width and what kind of a width enters
in Eq. (2). We do this in the context of the microscopic
R-matrix method that we further use in our numerical
calculations.
A. Resonance widths in the R-matrix approach
Let Ψ
(+)
A (k, {ri}) be the wave function of nucleus A
above the (A− 1) + p decay threshold with the relative
momentum k in the decay channel. This wave function
satisfies the Schro¨dinger equation
HAΨ
(+)
A (k, {ri}) = EAΨ(+)A (k, {ri}), (3)
where EA is the total energy of nucleus A. Let
ΨA−1({ri}) be the wave function of a bound state of
nucleus A− 1 with the total energy EA−1:
HA−1ΨA−1({ri}) = EA−1ΨA−1({ri}) (4)
Multiplying Eq. (3) by ΨA−1({ri}), Eq. (4) by
Ψ
(+)
A (k, {ri}), subtracting them from each other and in-
tegrating over coordinates of nucleus A− 1, we get
(Trel + V
coul
0 (r) − E)〈ΨA−1({ri})|Ψ(+)A (k, {ri})〉
= 〈ΨA−1({ri})|
A−1∑
i=1
ViA − V coul0 (r)|Ψ(+)A (k, {ri})〉 (5)
where E = EA − EA−1 and Trel is the kinetic energy
operator for the relative motion between p and A−1, Vij
is the nucleon-nucleon (NN) potential and
V Coul0 (r) =
ZA−1e
2
r
(6)
is the Coulomb attraction between two point charges lo-
cated at distance r. Using the partial wave decomposi-
tion of the overlap integral in the left-hand side of Eq.
(5),
〈ΨA−1({ri})|Ψ(+)A (k, {ri})〉 =
∑
lmSMSMJA−1σ
4πil
3×(JA−1MJA−1
1
2
σ|SMS)(lmSMS|JAMJA)
×φlS(k, r)Ylm(rˆ)Y ∗lm(kˆ)χ 1
2
σ(A), (7)
where Ji(MJi) is the spin (its projection) of nucleus i,
l is the orbital momentum and S is the channel spin,
and expanding the source term (right-hand side) of the
inhomogeneous equation (5),
〈ΨA−1({ri})|
A−1∑
i=1
ViA − V coul0 (r)|Ψ(+)A (k, {ri})〉
=
∑
lmSMSMJA−1σ
4πil(JA−1MJA−1
1
2
σ|SMS)
×(lmSMS|JAMJA)SlS(k, r)Ylm(rˆ)Y ∗lm(kˆ)χ 1
2
σ(A), (8)
where k =
√
2µE/h¯2 and µ is the reduced mass of proton
and A− 1, we get an inhomogeneous radial equation for
the overlap function φlS(k, r):
(Tl + V
Coul
0 (r) − E)φlS(k, r) = −SlS(k, r), (9)
where Tl is the kinetic energy operator in the l’th par-
tial wave. This equation can be solved using the Green’s
functions technique. In the single channel limit, the reg-
ular at the origin solution of Eq. (9) reads
φlS(k, r) =
Fl(κr)
κrv1/2
−
∫
∞
0
dr′ r′2
Gl(r, r
′)
rr′
SlS(k, r). (10)
Here Fl is the regular Coulomb wave function, Gl(r, r
′)
is the outgoing Green’s function for the point charge in
the l’th partial wave and v = h¯k/µ is velocity. In Eq.
(10), the factor v−1/2 is introduced to provide unity flux.
In the vicinity of an isolated narrow resonance the
channel wave function φlS(k, r) behaves as follows [7]
φlS(k, r) ≈
√
h¯Γ0lS
2κ
φBSAlS (r)
E − ER − i2Γ0lS
. (11)
Eq. (11), called a bound state approximation, contains
a square-integrable function φBSAlS (r) which is defined
within some channel radius a taken outside the range
of the nucleon-nucleus interaction. This function has the
dimension of a bound state wave function. A similar
bound state approximation can be also written for the
source term SlS(k, r):
SlS(k, r) ≈
√
h¯Γ0lS
2κ
SBSAlS (r)
E − ER − i2Γ0lS
. (12)
In Eqs. (11) and (12), ER is the (real) energy of the
resonance and the width Γ0lS is trivially related to the
residue γ2lS in the R-matrix pole:
Γ0lS = 2κa γ
2
lS/|Ol(ka)|2. (13)
Substituting (12) into (10), using the Green’s function
from Ref. [8]
Gl(r, r
′) = − 2µ
h¯2κ
Fl(κr<)Ol(κr>), (14)
where Ol = Gl+iFl andGl is the irregular Coulomb wave
function, and neglecting the term that contains the inte-
gral from r to infinity we can rewrite the wave function
(10) at the channel radius r = a as follows:
φlS(k, a) ≈ i
2κav1/2
(Il(κa)− UlSOl(κa)) ,
UlS = 1 +
2i
√
vΓ0lS
∫ a
0 drrFl(κr)SBSAlS
κh¯3/2(E − ER − i2Γ0lS)
(15)
Here Il = Gl − iFl and U is the collision matrix. Com-
paring Eq. (15) with the R-matrix asymptotics of the
wave function φlS in the vicinity of the resonance,
φlS(k, a) ≈ i
2κav1/2
×
(
Il(κa)−Ol(κa)
(
1 +
iΓ0lS(E)
E − ER − i2Γ0lS(E)
))
, (16)
we get
Γ0lS ≡ Γ0lS(ER) =
2κR
ER
∣∣∣∣
∫ a
0
dr rFl(kRr)SBSAlS (r)
∣∣∣∣
2
, (17)
where kR =
√
2µER/h¯
2. The same result can be ob-
tained in a multi-channel case. Thus, the partial proton
decay width in the channel lS is determined by an inte-
gral that contains the regular Coulomb function of a real
argument and a source term corresponding to the square-
integrable wave function defined in some restricted re-
gion.
B. ANCs of bound neutron states
If the mirror analog of the proton resonance at energy
ER is a bound state, then the mirror analog of the over-
lap function φlS(k, r) is the radial overlap integral IlS(r)
between the mirror wave functions of nuclei A and A−1.
This overlap asymptotically behaves as follows,
r,
√
AIlS(r) ≈ −ClS ilκnh(1)l (κnr), r →∞, (18)
where ClS is the ANC, h
(1)
l is the Hankel function of the
first kind and κn is determined by the separation energy
ǫn of the mirror neutron. The ANC squared C
2
lS is given
by the following expression [9]
C2lS =
4µ2
h¯4κ2n
∣∣∣∣
∫
∞
0
dr r2κnjl(iknr)SlS(r)
∣∣∣∣
2
(19)
in which jl is the spherical Bessel function and SlS(r)
is the radial part of the source term defined by the the
4left-hand side of expression Eq. (8) in which mirror wave
functions of nuclei A and A−1 are used and the Coulomb
interactions are absent.
The main contribution to the integrals in Eqs. (17) and
to Eq. (19) for Γ0lS and C
2
lS comes from some internal
region r ≤ RN < a. If charge symmetry of the NN inter-
actions is valid and the Coulomb differences in the mirror
wave functions of the resonance and the mirror bound
state in this region can be neglected, then the reasoning
of Ref.[3] leads to the analytical formula (2) for the ratio
between Γ0lS and C
2
lS . This reasoning suggests to replace
the Coulomb interaction in Eq. (8) at r ≤ RN by a con-
stant equal to ER+ǫn and then to remove this interaction
from the source term of the proton by changing the func-
tion Fl(kRr) into some modified function. This function
is a regular solution of the Schro¨dinger equation with the
constant Coulomb potential and is equal exactly to the
spherical Bessel function jl(iknr) times the normaliza-
tion coefficient Fl(κpRN )/κpRN jl(iκnRN ). As the re-
sult, both Γ0lS and C
2
lS contain exactly the same integral
and their ratio is detemined by the above normalization
coeffient and the kinematic factor h¯2κp/µ.
It is important to notice here that Γ0lS defined by Eq.
(17) is a residue in the R-matrix pole so that the analyt-
ical formula (2) actually links this residue and the ANC
of the mirror bound analog. If the proton resonance is
narrow then Γ0lS is approximately equal to the width ΓlS
of the peak in the cross sections of the reactions in which
this resonance is populated. However, these two widths
are not the same. In the particular case of elastic scat-
tering, the width ΓlS ≡ ΓlS(ER) that detemines the res-
onant phase shift tan δlS = ΓlS(E)/2(E − ER) is related
to Γ0lS as follows [10]:
ΓlS = Γ
0
lS
(
1 + γ2lSS
′
l
)−1
(20)
where Sl = Re(κaO
′
l/Ol). If a link between physically
observed width ΓlS and the neutron ANC is considered,
then Eq. (2) should be modified by the factor of (1 +
γ2lSS
′
l)
−1.
III. TWO-BODY MODEL
According to the analytical formula (2), the ratio be-
tween the proton width and the ANC squared of its mir-
ror neutron is model-independent. It is determined only
by the proton resonance energy, the neutron separation
energy and should be the same for any NN potential em-
ployed in calculations. We checked this property for the
case of the two-body potential model. We considered a
family of Woods-Saxon potentials that give some chosen
neutron separation energy ǫn, and some chosen energy of
proton resonance Ep when the Coulomb potential of the
uniformly charged sphere was added. This was achieved
by simultaneously varying both the depth and the ra-
dius of the Woods-Saxon potential at fixed diffusenesses.
The actual numerical values of Ep were the same as the
8B(1+) 12N(2+) 12N(0+) 13N(3/2−) 13N(5/2+) 23Al(1/2+) 27P(3/2+)
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FIG. 1: Changes in proton widths Γp and in its ratio to mirror
neutron ANC squared Γp/C
2
n with the choice of two-body
nuclear potential well for a range of nuclei.
experimental energies of proton resonances in the lowest
states 8B(1+), 12N(2+, 0+), 13N(32
−
, 52
+
), 23Al(12
+
) and
27P(32
+
). The experimental widths of these resonances
are less than 10% of their energy so that the difference
between the widths Γ0lS and ΓlS should be small. In
our two-body calculations, the proton width (which we
refer for simplicity as to Γp) has been determined from
transition of the phase shift via 90o. As for the mir-
ror neutron separation energies ǫn, they were the same
as those obtained in microscopic calculations below with
charge-independent NN interactions.
For different potentials from the same family, the pro-
ton widths and mirror neutron ANCs squared changed
significantly but in such a way that their ratio was
roughly the same. To illustrate this, we have presented
in Fig.1 the changes in proton widths by thick vertical
dashed lines and the changes in Γp/C
2
n by the vertical
solid lines. While Γp changes by 30 to 120%, the changes
in Γp/C
2
n are much smaller. They are less than 1% for
8B(1+), 12N(2+) and 23Al(12
+
) and 4% for 13N(52
+
). For
27P(32
+
) the changes in Γp/C
2
n are 8.5% as compared to
the 121% changes in Γp/C
2
n. Two other cases,
12N(0+)
and 13N(32
−
), are special. Experimentally, these states
are seen as narrow resonances with Γp/Ep ≈ 0.04. How-
ever, they are so narrow only because of their very small
single-particle strengths, or spectroscopic factors. In the
two-body potential model, the widths of these resonances
are about 30 to 50% of the resonance energy, depending
on the choice of the two-body potential well. For such
broad resonances the definition of the resonance width
(17) is not precise anymore and the ratio Γp/C
2
n may be-
have in a different way. In particular, this ratio is more
dependent on the nuclear potential well, 15% for 12N(0+)
and 10% for 13N(32
−
), than in the case of the other nar-
row resonances.
In Fig. 2 we compare the ratio Γp/C
2
n calculated in the
two-body model with the analytical estimate Rres0 given
by Eq. (2). One can see that Rres0 reproduces very well
the general trend in Γp/C
2
n even for the resonance states
whose widths are not narrow. The difference between
58Li 12N 12N 12N 12N 13N 13N 13N 23Al 27P
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FIG. 2: Ratio of proton width to mirror neutron ANC squared
Γ0p/C
2
n (given in units of h¯c) calculated in the two-body poten-
tial model, microscopic cluster model and using the analytical
formula (2) for a range of nuclei.
Γp/C
2
n and Rres0 does not exceed 30%, being the smallest
for the d-wave resonances (less than 3%) and the largest
for the wide two-body resonance 12N(0+) (about 30%).
The weak sensitivity of the ratio of mirror ANCs to
the nuclear potentials suggests an alternative empirical
way to determine this ratio. If we assume that mirror
neutron and proton single-particle wells are exactly the
same and that the proton spectroscopic factor Sp can be
defined and is equal to the neutron spectroscopic factor
and Sn, then the ratio RΓ can be approximated by the
single-particle ratio Rs.p.Γ
RΓ ≈ Rs.p.Γ ≡ Γc.s.p /(bc.s.n )2, (21)
where the proton width Γc.s.p and the single-particle
ANCs bc.s.n are calculated numerically for exactly the
same nuclear potential well. Further below, we compare
the results of our microscopic calculations for RΓ with
the single-particle estimate Rs.p.Γ . Such a comparison is
useful because unlike Rres0 , Rs.p.Γ takes into account the
differences in internal wave functions of mirror nuclei due
to the Coulomb interactions.
IV. WAVE FUNCTIONS IN A MICROSCOPIC
CLUSTER MODEL
To improve our understanding of RΓ we use the mi-
croscopic cluster model. The MCM takes into account
the differences in the internal structure of mirror nu-
clei due to the Coulomb interaction and the core exci-
tations effects, which were ignored in the derivation of
the analytical formula (2). On the other hand, it also
accounts for many-body effects and effects caused by
non-diagonal Coulomb couplings, which are absent in the
single-particle approximation (21)
The multi-channel cluster wave function for a nucleus
A consisting of a core A − 1 and a nucleon N can be
represented as follows:
ΨJAMA =
∑
lSJA−1ν
A[χ 1
2
τ [g
JA−1
νlS,ω(r)⊗ [ΨJA−1ν ⊗ χ 1
2
]S ]JAMA ]
(22)
where A = A− 12 (1 −∑A−1i=1 Pi,A) and the operator Pi,A
permutes spatial and spin-isospin coordinates of the i-th
andA-th nucleons. In this work, Ψ
JA−1
ν is a wave function
of nucleus A − 1 with the angular momentum JA−1 de-
fined either in translation-invariant harmonic-oscillator
shell model, or in a multicluster model. The quantum
number ν labels states with the same angular momen-
tum JA−1, S is the channel spin and ω stands for all the
quantum numbers that characterise the entrance chan-
nel. The function g
JA−1
νlS,ω also depends on JA but we omit
this index for simplicity.
The relative wave function g
JA−1
νlS,ω(r) = g
JA−1
νlS,ω(r)Ylm(rˆ)
is determined using the microscopic R-matrix method,
as explained in detail in Ref. [11]. In this method, the
Bloch-Shro¨dinger equation is solved for the wave function
ΨJAMA , which allows the correct asymptotic behaviour
for the relative wave function g
JA−1
νlS,ω to be obtained. For
particle-unstable states
gα,ω(r) ≈ Aω δωαIl(κνr) − UωαOl(κνr)
κωv
1/2
ν
, (23)
where Il and Ol are the ingoing and outgoing Coulomb
functions in the channel α ≡ {νJA−1lS}, vν is the ve-
locity in this channel and U is the collision matrix. The
resonance width Γ0lS is determined assuming the Breit-
Wigner shape of the collision matrix near an isolated res-
onance at the energy ER and the width ΓlS is determined
from Γ0lS using Eq. (20). As for bound states, the asymp-
totics of the relative function g
JA−1
νlS,ω(r) is
g
JA−1
νlS,ω(r) ≈ CJA−1lS,ω
W−ην ,l+1/2(2κνr)
r
(24)
where C
JA−1
lS,ω is the ANC and W is the Whittaker func-
tion.
V. RELATION BETWEEN Γp AND MIRROR
ANCS IN THE MCM
In this section we investigate the ratio RΓ for
the following 0p and sd shell resonances: 8B(1+),
12N(2+,1+,2−,1−), 13N(12
+
, 52
+
,32
−
), 23Al(12
+
) and
27P(32
+
). The cluster models we used are listed in
Table I together with references for further details. The
internal structure of these clusters is represented by
the shell model Slater determinants composed of the
following single-particle oscillator wave functions: 0s for
6TABLE I: Cluster model for nuclei from the first column. The same model but with mirror-conjugated clusters is used for
mirror analogs of these nuclei. For 13N, 2c and 4c stand for two- and four-cluster model respectively.
Nucleus Clustering Core excitations References
8B (α+3 He) + p and (α+ p)+3He 7Be( 1
2
−
1,2
, 3
2
−
1,2,3,4
, 5
2
−
1,2
, 7
2
−
1,2
) and 5Li( 3
2
−
, 1
2
−
) [15]
12N 11C + p 11C( 1
2
−
1,2,3
, 3
2
−
1,2,3,4,5,6
, 5
2
−
1,2,3
, 7
2
−
1
) [16]
13N2c 12C + p 12C(0+1,2,3, 1
+
1,2,3,2
+
1,2,3,4,5,6) [17]
13N4c α+ α+ α+ p 12C(0+1,2,3, 2
+
1,2,3) [18]
23Al 22Mg + p 22Mg(0+1 , 1
+
1 , 2
+
1,2,3,3
+
1 , 4
+
1,2) [5]
27P 26Si + p 26Si(0+1 , 2
+
1 , 4
+
1 ) [5]
α, 3H and 3He clusters, 0s and 0p for the 11B and 11,12C
clusters and 0s, 0p and 0d 5
2
for the 22Ne, 22Mg, 26Mg
and 26Si clusters. Some excited states of these clusters,
appeared in teh shell model calculations, are taken into
account. They are also listed in Table I. The products
of the proton decay and their mirror analogs are always
considered to be in their ground states.
We use well adapted effective NN interactions for such
calculations, namely, the Volkov potential V2 [12] and
the Minnesota (MN) potential [13]. The two-body spin-
orbit force [14] and the Coulomb interaction are also in-
cluded. More details on the conditions of calculations
can be found in Ref. [5] and references therein.
Each of V2 and MN have one adjustable parameter
that gives the strength of the odd NN potentials V11
and V33. To get meaningful values of ANCs and proton
widths, this parameter should be fitted in each individ-
ual case to reproduce the experimental neutron separa-
tion energy ǫn or the resonance energy Ep of the proton.
In most cases, the same choice of the adjustable param-
eter for mirror states does not let to reproduce exactly
ǫn and Ep. Therefore, we consider here two cases: (A)
We keep the same value of the adjustable parameter for
both nuclei of a mirror pair thus imposing charge sym-
metry of the NN interactions. The value of this parame-
ter is fitted to reproduce experimental value of Ep. (B)
We use slightly different adjustable parameters in mir-
ror nuclei to reproduce simultaneously ǫn and Ep. This
simulates charge symmetry breaking of the effective NN
interactions which should be a consequence of the charge
symmetry breaking in realistic NN interactions. For both
cases we have calculated the ratioRMCMΓ0 = Γ0lS/C2lS that
we compare to the analytical estimate Rres0 . We have
also calculated the ratio RMCMΓ = ΓlS/C2lS which we
compare to the single-particle estimate Rs.p.Γ . In 8B(1+)
and 12N(2+), where two different values of the channel
spin S are possible, we use the sums
∑
S Γ
0
lS ,
∑
S ΓlS and∑
S C
2
lS when constructing these ratios.
A. Calculations with charge-independent NN
interactions
The calculated ratio RMCMΓ0 for the V2 potential is
plotted in Fig.2 together with the prediction Rres0 of the
analytical formula (2) and with the single-particle esti-
mate Rs.pΓ . As seen in Fig.2, both Rres0 andRs.pΓ describe
very well the general trend in the RMCMΓ0 behaviour.
To see the differences between RMCMΓ0 and Rres0 we
have plotted the ratio RMCMΓ0 /Rres0 in Fig.3. The error
bars in this figure represent uncertainties in Rres0 due
to the choice of RN . The estimation of these errors is
similar to that described in Ref. [5] for bound-bound
mirror pairs.
According to Fig.3, the effect of different NN potential
choices is normally less than 7% for the 0p shell nuclei,
being the smallest for the p-wave resonances (less than
2%) and for the d-wave resonance 13N(52
+
). Slightly big-
ger effect, about 9%, is seen for the s-wave resonance
12N(1−). For the sd shell nuclei 23Al and 27P, the sensi-
tivity on the NN potential depends on whether the core
excitations are taken into account or not. Without core
excitations, the sensitivity to the NN potential choice is
less than 6%, which is similar to the case of the 0p shell
nuclei. When core excitations are present, this sensitivity
increases up to 10% for 23Al and 30% for 27P.
Our previous study of ANCs in bound-bound mirror
pairs [5] has shown that core excitations can be respon-
sible for differences between the MCM calculations for
the ratio of mirror ANCs and the predictions of the
analytical formula (7) of Ref. [3]. In the present pa-
per, we check how important the core excitations are
in bound-unbound mirror states. Fig.3 shows the ratio
RMCMΓ0 /Rres0 calculated both in the single-channel (no
core excitations) and the multi-channel (including the
core excitations from Table I) cluster model. One can see
that for the 0p shell nuclei the results obtained with and
without taking core excitations into account differ by no
more than 7%. The influence of the core excitations on
RMCMΓ0 becomes more important for nuclei in the middle
of the sd shell. For 23Al - 23Ne, this influence is 9 - 12%.
A similar effect is present in the calculations with the V2
potential for 27P(32
+
) - 27Mg(32
+
). However, for MN, the
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FIG. 3: Ratio between the predictions RMCMΓ0 from the microscopic calculations and the analytical estimate R
res
0 of the
analytical formula (2). The microscopic calculations are performed for the V2 and MN potentials with and without taking
core excitations into account. Charge symmetry of NN interactions is assumed. Both four-cluster (4c) and two-cluster (2c)
calculations for 13N are shown.
influence of core excitations on RMCMΓ0 is much stronger,
about 37%. For the MN potential, the d-wave 26Si(0+) +
p configuration in 27P(32
+
) becomes three times weaker
than the s-wave 26Si(2+) + p configuration. In weak
configurations, effects of charge symmetry breaking due
to the Coulomb interactions can be more noticeable. In
the case of 27P(32
+
) - 27Mg(32
+
), the significant difference
between RMCMΓ0 and Rres0 coincides with similar mirror
symmetry breaking in the spectroscopic factors of the
26Si(0+) + p and 26Mg(0+) + n configurations, which is
about 33% for MN. For V2, the d-wave 26Si(0+) + p con-
figuration dominates and the mirror symmetry breaking
for spectroscopic factor of this configuration is only 4%.
The average difference between Rres0 and RMCMΓ0 is
about 10%. This is larger than the average devia-
tion between the microscopic calculations with charge-
independent NN interactions and the predictions of ana-
lytical formula for the ratio of mirror ANCs squared for
bound-bound mirror pairs, obtained in Ref. [5].
B. Calculations with charge breaking symmetry
NN interactions
The calculated ANCs for bound neutron states are
shown in Table II. We show them in the lj coupling
scheme that is widely accepted in the analysis of trans-
fer reactions, in which these ANCs can, or have been
determined. Transition from the lS coupling scheme to
the lj coupling scheme is performed using standard tech-
nique. For 8Li(1+) and 12N(2+) we also show the sum
of the ANCs squared C2l =
∑
j C
2
lj =
∑
S C
2
lS . We have
also calculated the radial part Ilj(r) of the overlap in-
tegral 〈A|A − 1〉 and the spectroscopic factors, r.m.s.
radii 〈r2lj〉1/2 =
(∫
∞
0 dr r
4I2lj(r)/
∫
∞
0 dr r
2I2lj(r)
)1/2
and
single-particle ANCs blj = Clj/S
1/2
lj associated with it.
We show them in Table II as well.
For proton unbound states we have calculated both
the widths Γ0lS and ΓlS which are shown in Table III to-
gether with experimentally measured widths. Γ0lS slightly
depends on the choice of the channel radius a. We tried
to choose this radius to be large enough, between 8.0
and 10.0 fm. In this region, the sensitivity of Γ0lS to a is
about 2% for narrow resonances but can reach about 7%
for broad s-wave resonances. The coefficient α = ΓlS/Γ
0
lS
that connects ΓlS and Γ
0
lS is also a-dependent so that the
sensitivity of ΓlS to the choice of a decreases. These coef-
ficients, shown in Table III, are between 1.01 and 1.05 for
narrow resonances but can increase up to 1.38 for broad
s-wave resonances.
The averaged over two NN potentials ratios RMCMΓ0
and RMCMΓ are shown in Table IV together with the an-
alytical estimate RMCMΓ0 and the single-particle estimate
Rs.p.Γ . The ratiosRMCMΓ0 /Rres0 andRMCMΓ /R
s.p.
Γ are also
presented in Fig. 4.
1. 8B−8 Li
According to Table II, the ANCs in small j = 1/2 com-
ponents of the 〈8Li|7Li〉 overlap integral strongly depend
on the choice of the NN potential. However, in dominant
components j = 3/2 they are very similar. The total neu-
tron ANC squared C21 are practically the same for both
the NN potentials used in calculations. The total widths
Γl =
∑
S ΓlS are also practically the same for both V2
and MN (see Table III). The ratio RMCMΓ0 varies within
5% with the NN potential choice. Its average value of
8TABLE II: Asymptotic normalization coefficients squared C2lj (in fm
−1), spectroscopic factors Slj , single-particle ANCs squared
b2lj = C
2
lj/Slj (in fm
−1) and r.m.s. radii 〈r2lj〉
1/2 (in fm) for the nuclei from the first column. The calculations have been
performed with two NN potentials, V2 and MN. The experimental neutron separation energies have been reproduced.
V2 MN
Nucleus lj C2lj Slj b
2
lj 〈r
2
lj〉
1/2 C2lj Slj b
2
lj 〈r
2
lj〉
1/2
8Li(1+) p1/2 0.0135 0.051 0.263 4.43 0.0255 0.097 0.263 4.42
p3/2 0.1378 0.514 0.268 4.46 0.1261 0.525 0.240 4.30
total 0.1513 0.566 0.1516 0.622
12B(2+) p1/2 0.536 0.490 1.10 3.79 0.490 0.500 0.979 3.68
p3/2 0.0235 0.0177 1.33 3.99 0.0202 0.0143 1.412 4.06
total 0.560 0.507 0.510 0.514
12B(0+) p3/2 0.0835 0.607 0.138 4.77 0.0638 0.515 0.124 4.57
12B(2−) s1/2 2.721 0.898 3.03 4.99 2.504 0.934 2.68 4.78
12B(1−) s1/2 1.292 1.016 1.27 6.49 1.148 0.992 1.158 6.25
13C( 1
2
+
)2c s1/2 3.46±0.02 0.94 3.70±0.02 4.98 3.41±0.03 1.04 3.28±0.02 4.80
13C( 1
2
+
)4c s1/2 3.39±0.02 0.94 3.60±0.01 4.98 2.77±0.03 0.92 3.01±0.03 4.77
13C( 3
2
−
)2c p3/2 0.0992 0.271 0.365 4.21 0.0931 0.283 0.331 4.09
13C( 3
2
−
)4c p3/2 0.129±0.001 0.370 0.350±0.002 4.18 0.100±0.002 0.363 0.274±0.004 3.90
13C( 5
2
+
)2c d5/2 0.0272 0.881 0.031 4.04 0.0222 0.873 0.025 3.86
13C( 5
2
+
)4c d5/2 0.0213±0.0006 0.81 0.0263±0.0006 3.90 0.0153±0.0003 0.84 0.0183±0.0004 3.59
23Ne( 1
2
+
)a) s1/2 3.52 0.202 17.4 4.31 2.37 0.154 15.4 4.19
23Ne( 1
2
+
)b) s1/2 18.49 1.08 17.1 4.26 16.3 1.08 15.0 4.12
27Mg( 3
2
+
)a) d3/2 1.89±0.03 0.744±0.002 2.54±0.03 3.63 0.695±0.012 0.318±0.002 2.18±0.02 3.56
27Mg( 3
2
+
)b) d3/2 2.61±0.04 1.08 2.43±0.03 3.60 2.03±0.04 1.08 1.88±0.04 3.47
2c - two-cluster model
4c - four-cluster model
a) - multi-channel cluster model
b) - single-channel cluster model
(1.80±0.04)×10−3 is about 10 % smaller than the predic-
tion Rres0 = (2.06±0.04)×10−3 of the analytical formula
(2). The ratio RMCMΓ = (1.73± 0.03)× 10−3 is close to
the single-particle estimate Rs.p.Γ = (1.78±0.01)×10−3.
The neutron ANCs for 8Li(1+) have been deter-
mined from experimental study of the transfer reaction
13C(7Li,8Li)12C in Ref. [19]. It was found that C2
1 3
2
/C2
1 1
2
= 0.22(3) and C21 = 0.082±0.009 fm. The measured ratio
C2
1 3
2
/C2
1 1
2
is in excellent agreement with our prediction of
0.20 with the MN force but is about twice as high as the
prediction of 0.098 made with the V2 potential. The to-
tal value of the experimental ANC squared is significantly
lower than the predictions of the MCM.
Two experimental values of the proton width Γl for
the 1+ resonance are available, 37 ± 5 keV from the
7Be(p,γ)8B reaction [20] and 31±4 keV from elastic scat-
tering 7Be + p [21]. The MCM calculations give larger
widths, 50.9 keV and 52.7 keV for V2 and MN respec-
tively. The ratio RexpΓ , calculated with Γl = 37± 5 keV,
is (2.29±0.28)×10−3 h¯c. This is significantly larger than
the MCM value of (1.73±0.03)×10−3 h¯c obtained in this
work (see Table IV). With more recent value, Γl = 31±4
keV, this ratio is smaller, RexpΓ = (1.92±0.23)×10−3 h¯c,
and it agrees with RMCMΓ = (1.73± 0.03)× 10−3 within
the error bars.
2. 12B−12 N
The ANCs squared obtained for the 2+, 2− and 1−
states of 12B with V2 and MN differ by 9-13% from each
other. For 12B(0+) this difference is larger, about 30%.
The neutron spectroscopic factors change by 1-6% with
different choices of the NN potential except for 0+, where
this difference reaches 18%. The proton widths in 12N
differ by 6-9% for the 2+, 2− and 1− states and by 32%
for the 0+ state. The sensitivity of the calculated ratios
RMCMΓ0 and RMCMΓ to the NN potential is less than 3%
except for the broad resonance 1− where it reaches 6%.
The average value of RMCMΓ0 is lower than the analyt-
ical estimate Rres0 by 15%, 18%, 28% and 16% for the
2+, 0+, 2− and 1− states respectively. The other ra-
tio, RMCMΓ compares with the single-particle estimate
Rs.p.Γ in a different way for each state. For the nar-
row resonance 2+, they agree within 2%. For the res-
onance 0+, which is broad in the single-particle poten-
tial model (Γl ∼ 0.7 MeV) but is much narrower in the
MCM (Γl ∼ 0.3 MeV), Rs.p.Γ is larger than the analyt-
9TABLE III: The proton widths Γ0lS, Γls (in keV) and the coefficient α = Γ
0
lS/ΓlS = 1+ γ
2
lSS
′
l that relates them (see Eq. (20),
for the resonances from the first column. Also shown are the resonance energies Eres (in keV), orbital momenta l and channel
radii a (in fm). For the resonances 8B(1+) and 12N(2+) two values of channel spin S are possible. The proton widths in these
channels are shown separately. The calculations have been performed with two NN potentials, V2 and MN.
V2 MN
Resonance Eres l a Γ
0
lS α ΓlS Γ
0
lS α ΓlS Γ
exp
p
8B(1+) 633 1 10.0 S=1 42.4 1.042 40.7 49.8 1.050 47.4
S=2 10.3 1.010 10.2 5.36 1.005 5.33
total 50.9 52.7 37±5 [20]
31±4 [21]
12N(2+) 359 1 8.55 S=1 0.949 1.032 0.920
S=2 0.388 1.013 0.383
total 1.30 < 20 [23]
8.75 S=1 0.879 1.028 0.855
S=2 0.365 1.011 0.361
total 1.22 < 20 [23]
12N(0+) 1839 1 8.55 344 1.034 332 260 1.026 253 68±21 [23]
12N(2−) 589 0 8.75 150 1.26 119 138 1.24 111 118±4 [23]
12N(1−) 1199 0 8.55 771 1.108 696 750±250
[23]
8.75 821 1.109 740
13N( 1
2
+
)2c 422 0 8.5 49.6 1.33 37.3 31.7±0.8
[24]
9.5 50.4 1.30 38.8 46.3 1.25 37.0
13N( 1
2
+
)4c 422 0 8.0 51.2 1.38 37.1 43.4 1.32 32.8 31.7±0.8
[24]
8.5 49.3 1.33 37.1 41.6 1.28 32.6
13N( 3
2
−
)2c 1557 1 8.5 118 1.021 116 114 1.020 112 62±4 [24]
9.5 116 1.015 114 112 1.014 110
13N( 3
2
−
)4c 1557 1 8.5 164 1.028 159 132 1.023 129 62±4 [24]
8.9 160 1.024 156 128 1.020 126
13N( 5
2
+
)2c 1607 2 8.5 69.5 1.046 66.4 57.1 1.038 55.0 47±7 [24]
9.5 68.0 1.031 66.0 55.8 1.025 54.4
13N( 5
2
+
)4c 1607 2 8.0 57.4 1.046 54.9 41.3 1.033 40.0 47±7 [24]
8.5 56.0 1.037 54.0 39.6 1.026 38.6
23Al( 1
2
+
)a) 405 0 9.0 2.01×10−2 1.015 1.98×10−2 1.26×10−2 1.010 1.25×10−2
23Al( 1
2
+
)b) 405 0 9.0 9.19×10−2 1.071 8.58×10−2 8.19×10−2 1.063 7.70×10−2
27P( 3
2
+
)a) 340 2 9.5 7.18×10−6 1.003 7.16×10−6 2.14×10−6 1.001 2.14×10−6
27P( 3
2
+
)b) 340 2 9.5 1.04×10−5 1.005 1.04×10−5 8.26×10−6 1.004 8.23×10−6
2c - two-cluster model
4c - four-cluster model
a) - multi-channel cluster model
b) - single-channel cluster model
ical estimate Rres0 (for most other cases it is smaller)
and discrepancy betweenRMCMΓ and Rs.p.Γ is about 28%.
For the relatively broad s-wave resonance 2−, in which
Γl/ER ∼ 0.2, this discrepancy is about 13%. For the
broad s-wave resonance 1− we have not succeeded to
determine Rs.p.Γ because in the single-particle potential
model its width is comparable to the resonance width.
The neutron ANCs and r.m.s. radii for the
〈12B(2−)|11B〉 and 〈12B(1−)|11B〉 overlap integrals have
been reported in Ref. [22] where they have been deter-
mined from the 11B(d,p)12B reaction. The experimental
values of C21 are 1.80±0.32 fm−1 and 0.88±0.15 fm−1 for
the 2− and 1− respectively. They are about 30 to 50%
lower than the predictions of the MCM.
The experimental value of the r.m.s. radius for 2−,
〈r2exp〉1/2 = 4.01 ± 0.61 fm from Ref. [22], is lower than
the MCM predictions 〈r2〉1/2 = 4.99 and 4.78 fm, while
for the 1− state our predictions, 6.49 fm and 6.25 fm,
agree with the experimental value 〈r2exp〉1/2 = 5.64±0.90
fm within the error bars.
Using the experimentally measured ANCs for 12B(2−)
and 12B(1−) and the widths of the 12N(2−) and 12N(1−)
10
TABLE IV: Ratios RMCMΓ0 and R
MCM
Γ obtained in the MCM in comparison with the prediction R
res
0 of the analytical formula
(2) and single-particle estimate Rs.p.Γ (all given in units of h¯c) for the mirror pairs from the first column. Also shown are spins
and parities Jpi of the mirror states and orbital momenta l of the relative motion in the resonance. The results of the MCM
calculations are averaged over two NN potentials. For 13N, Γ0lS obtained with a larger value of a is used to calculate R
MCM
Γ0
.
Mirror pair Jpi l RMCMΓ0 R
res
0 R
MCM
Γ R
s.p.
Γ
8Li-8B 1+ 1 (1.80± 0.04) × 10−2 (2.06 ± 0.04) × 10−2 (1.73 ± 0.03) × 10−2 (1.78± 0.01) × 10−2
12B-12N 2+ 1 (1.22± 0.02) × 10−5 (1.43 ± 0.01) × 10−5 (1.20 ± 0.02) × 10−5 1.22× 10−5
12B-12N 0+ 1 (2.07± 0.02) × 10−2 (2.51 ± 0.05) × 10−2 2.01 × 10−2 (2.77± 0.14) × 10−2
12B-12N 2− 0 2.79× 10−4 (3.83 ± 0.31) × 10−4 (2.23 ± 0.02) × 10−4 (2.55± 0.08) × 10−4
12B-12N 1− 0 (3.31± 0.09) × 10−3 (3.97 ± 0.56) × 10−3 (2.98 ± 0.08) × 10−3
13C-13N2c 1
2
+
0 (7.13± 0.11) × 10−5 (9.64 ± 0.81) × 10−5 (5.59 ± 0.21) × 10−5 (6.21± 0.25) × 10−5
13C-13N4c 1
2
+
0 (7.49± 0.12) × 10−5 (9.64 ± 0.81) × 10−5 (5.77 ± 0.22) × 10−5 (6.21± 0.25) × 10−5
13C-13N2c 3
2
−
1 (6.01± 0.09) × 10−3 (7.64 ± 0.06) × 10−3 (5.96 ± 0.08) × 10−3 (6.98± 0.22) × 10−3
13C-13N4c 3
2
−
1 (6.39± 0.10) × 10−3 (7.64 ± 0.06) × 10−3 (6.32 ± 0.14) × 10−3 (6.98± 0.22) × 10−3
13C-13N2c 5
2
+
2 1.27× 10−2 (1.43 ± 0.01) × 10−2 (1.24 ± 0.01) × 10−2 (1.37± 0.03) × 10−2
13C-13N4c 5
2
+
2 (1.32± 0.01) × 10−2 (1.43 ± 0.01) × 10−2 1.30 × 10−2 (1.37± 0.03) × 10−2
23Ne-23Ala) 1
2
+
0 (2.79± 0.10) × 10−8 (3.22 ± 0.13) × 10−8 (2.76 ± 0.09) × 10−8 (2.69± 0.02) × 10−8
23Ne-23Alb) 1
2
+
0 (2.53± 0.02) × 10−8 (3.22 ± 0.13) × 10−8 (2.44 ± 0.09) × 10−8 (2.69± 0.02) × 10−8
26Mg-27Pa) 3
2
+
2 (1.75± 0.19) × 10−11 2.21 × 10−11 (1.76 ± 0.18) × 10−11 (2.25± 0.10) × 10−11
26Mg-27Pb) 3
2
+
2 (2.04± 0.02) × 10−11 2.21 × 10−11 (2.04 ± 0.02) × 10−11 (2.25± 0.10) × 10−11
2c - two-cluster model
4c - four-cluster model
a) - multi-channel cluster model
b) - single-channel cluster model
resonances from Ref. [23], we obtain RexpΓ = (3.32 ±
0.98) × 10−4 h¯c and (4.3 ± 2.2) × 10−3 h¯c for the 2−
and 1− states respectively. For the 2− resonance, the
experimental value RexpΓ is larger than the theoretical
ratio (2.23± 0.02)× 10−4 h¯c. For the 1− state, the error
bars of RexpΓ are too large to make conclusive judgement
about the agreement with theoretical calculations.
3. 13C−13 N
We have used two different models to describe the mir-
ror pair 13N - 13C: the multichannel two-cluster model
12C + n(p) of Ref. [17] and the multichannel four-cluster
model α + α + α + n(p) from Ref. [18]. The difference
between these two models in predictions of ANCs, spec-
troscopic factors and proton widths reaches somethimes
30% or more (see Tables II and III). In our previous work
[5], the two- and four-cluster calculations gave even larger
difference in mirror ANCs of ground states of the mirror
pair 13N - 13C. As explained in Ref. [5], such a large dif-
ference arises because the α + α + α model for the rem-
nant nucleus 12C, used in the four-cluster calculations,
contains only one type of the permutational symmetry,
namely, the one determined by the Young diagrams [f ]
= [444]. One-center shell model of 12C, used in the two-
cluster calculations, contains all the other types of per-
mutational symmetry which may give singificant contri-
butions to nuclear properties associated with one nucleon
removal.
The sensitivity of the ANCs squared and the proton
widths on the NN potential choice is different for each
mirror pair of excited states, however is does not exceed
30%. Dependence of the ratio RMCMΓ0 or RMCMΓ on the
NN potential is weaker, less than 5% for the 32
−
and 52
+
states and 7% for the 12
−
state.
The calculated ratioRMCMΓ0 is smaller than the analyt-
ical estimate Rres0 by 8 to 22% for narrow resonances 32
−
and 52
+
and and by 32% for the wide s-wave resonance
1
2
+
. The other ratio, RMCMΓ , compares with the single-
particle estimate Rs.p.Γ more favourably, it is smaller than
Rs.p.Γ by 6 to 15%.
The neutron ANCs and r.m.s. radii for the
〈13C(12
+
)|12C〉 and 〈13C(52
+
)|12C〉 overlap integrals have
been reported in Ref. [22] where they have been deter-
mined from the 12C(d,p)13C reaction. The experimen-
tal values of C2 are 3.39 ± 0.59 fm−1 and 0.023± 0.003
fm−1 for the 12
+
and 52
+
respectively. For 12
+
, the ANC
squared C2 = 3.65± 0.34 (statistical error) ± 0.35 (sys-
tematic error) fm−1 has been independently measured in
Ref. [25] using the same reaction. This value is slightly
larger than the one from Ref. [22] but agrees with it
within the error bars. The four-cluster MCM calcula-
tions with V2 potential and the two-cluster calculations
with both NN potentials give for C2 the values of 3.39,
3.46 and 3.41 fm−1 that agree with the experimentally
11
measured one. The four-cluster calculations with MN
give slightly smaller ANC squared, 2.77 fm−1. As for the
5
2
+
state, only the two-cluster calculations with MN and
the four-cluster calculations with V2, C2 = 0.0222 fm−1
and C2 = 0.0213 fm−1 respectively, agree with the exper-
imentally determined value. The other two calculations
either overestimate or underestimate it.
The experimental value of the r.m.s. radii, 〈r2exp〉1/2
= 5.04± 0.75 fm and 〈r2exp〉1/2 = 3.68± 0.40 fm for the
1
2
+
and 52
+
states in 13C respectively, have been reported
in Ref. [22]. They agree with the MCM predictions ob-
tained both in two- and four-cluster model with V2 and
MN potentials within the error bars.
Using the ANCs measured in Ref. [22, 25] for the 12
+
and 52
+
states in 13C and the experimental proton widths
for their mirror analogs available in Ref. [24], we can
construct the ratio RexpΓ = Γexpp /(Cexpn )2. For 12
+
, this
ratio is (4.74 ± 0.94) × 10−5 h¯c or (4.40 ± 0.94) × 10−5
h¯c depending on whether the neutron ANC used is taken
from Ref. [22] or [25]. The MCM ratiosRMCMΓ of (5.77±
0.22) × 10−5 h¯c and (5.59 ± 0.21) × 10−5 h¯c, obtained
in four- and two-cluster calculations respectively, agree
with the first value for RexpΓ within the error bars but are
larger than the second value. As for the 52
+
state, all the
MCM calculations of the ratio RMCMΓ agree within the
error bars with RexpΓ = (1.04± 0.29)× 10−2 h¯c, obtained
using the experimental proton width of from [24] and the
neutron ANC from [22].
4. 23Al−23 Ne
The calculated ANCs and spectroscopic factors for
23Ne(12
+
) as well as the proton widths of 23Al(12
+
) are
strongly influenced by the excitations in the 22Ne and
22Mg cores. Including the core excitations decrease C2l ,
Sl and Γp by 4 to 7 times. Dependence of these val-
ues on the NN potential choice is much weaker, ∼ 12%
in the single-channel calculations and ∼ 50% in the
multi-channel calculations. The dependence of the ra-
tio RMCMΓ0 on the NN potential is even weaker, 2% for
single-channel calculations and 7% for multi-channel cal-
culations. ForRMCMΓ , this dependence is about 7%. The
core excitations lead to a 10% increase in RMCMΓ0 and a
13% increase in RMCMΓ .
The MCM ratio RMCMΓ0 is about 20% lower than the
predictions Rres0 of the analytical formula (2). The other
ratio, RMCMΓ , is very close to the single-particle estimate
Rs.p.Γ , if it is calculated with core excitations taken into
account. Without taking core excitations into account,
it is 10% smaller than Rs.p.Γ .
5. 27P−27 Mg
As in the case of 23Ne - 23Al, the MCM predictions
strongly depend on whether the core excitations are
taken into account or not. Without core excitations, the
dependence of ANCs squared and proton widths on the
NN potential choice is relatively weak, about 30%. When
the core excitations are included, the spectroscopic fac-
tor for the 〈27Mg(32
+
)|26Mg(g.s.)〉 overlap drops by 30%
and 70% for the V2 and MN potential respectively. The
C2 and Γp values decrease approximately by the same
amount too. Their dependence on the NN potential be-
comes much stronger, about 3 times.
The dependence of the ratio RMCMΓ0 and RMCMΓ on
the NN potential in single-channel calculations is about
2%, but in the multichannel calculations this dependence
increases up to 20%. In both cases, C2 and Γp are more
sensitive to the NN potential than their ratio.
The single-channel calculations of RMCMΓ0 and RMCMΓ
are close toRres0 andRs.p.Γ . The core excitations decrease
RMCMΓ0 and RMCMΓ by about 15%.
VI. MIRROR SYMMETRY IN
SPECTROSCOPIC FACTORS
Spectroscopic factors are often used to predict the
widths of proton resonances in approaches of a shell
model type. Two questions concerning this procedure
arise: how reliable are the concepts of spectroscopic fac-
tors for unbound states and is there any mirror symme-
try between such spectroscopic factors and their mirror
analogs. In this section, we briefly address these ques-
tions from the point of view of the MCM.
The spectrosocpic factor Slj for a particle-bound state
is defined as
Slj = A
∫
∞
0
dr r2(Ilj(r))
2, (25)
where Ilj(r) is a radial part of the overlap integral be-
tween the wave functions of nuclei A and A − 1. For
unbound states, the contribution from the oscillating tail
of this integral will lead to a divergent result for Slj . In
order to use the concept of the spectroscopic factor for
unbound states, its definition should be modified. In the
present paper, we define it as the norm of the overlap
integral IBSA(r) between the wave function of nucleus A
obtained in the bound state approximation and the wave
function of nucleus A− 1.
The calculated proton overlap integrals decrease very
slowly inside the channel radius a. For l 6= 0 resonances
in the 0p-shell nuclei, the function rIBSA(r) typically de-
crease from its maximum value only by a factor of two or
three. It decreases even slowlier for the s-wave resonance
13N(12
+
). We would like to note here that such a slow de-
crease is absent in shell model approaches. For very nar-
row sd-shell resonances 23Al(12
+
) and 27P(32
+
) with the
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FIG. 4: Ratio between the MCM calculations RMCMΓ0 and the predictions R
res
0 of the analytical formula (2) and ratio between
RMCMΓ and the single-particle estimate R
s.p.
Γ . Both are calculated with two NN potentials, V2 and MN. Core excitations are
taken into account and charge symmetry of NN interactions is broken. Both four-cluster (4c) and two-cluster (2c) calculations
for 13N are shown.
widths of ∼ 10−2 and ∼ 10−6 keV the strong Coulomb
barrier traps their wave functions inside the channel ra-
dius so that rIBSA(r) decreases from its maximum value
by an order of magnitude. This resembles more the con-
ventional bound state behaviour of the wave functions so
that shell model description for these states should be
more adequate.
The calculated spectroscopic factors depend on the
choice the channel radius. We have performed the calcu-
lations for 13N with two channel radii shown in Table III.
Also, for 27P, the calculations have been performed with
a = 9.0 and 9.5 fm. The change in spectroscopic factors
is less than 4% in all these cases. The ratio Sp/Sn be-
tween the mirror spectroscopic factors, calculated with
larger value of a when available, is presented in Fig.5.
This figure shows significant symmetry breaking in spec-
troscopic factors, which ∼ 20% for s-wave resonances
and in 13N(32
−
), ∼ 5-8% for 8B, 12N(2+), 12N(0+) and
13N(52
+
), and for 27P the charge symmetry breaking de-
pends of the NN potential used in caluclations: it is ∼
4% for V2 and ∼ 25% for MN. This is larger than the
3-9% charge-symmetry breaking in spectroscopic factors
for bound-bound mirror pairs obtained in Ref. [5].
VII. SUMMARY AND CONCLUSIONS
Due to the charge symmetry of NN interactions the
width of a narrow proton resonance is related to the ANC
of its mirror neutron bound state. This relation (the ratio
RΓ) can be approximated by a simple analytical formula
(2) derived in Ref. [3]. In this paper, we have clarified
that the width that enters formula (2) has the meaning of
a residue in the R-matrix pole. In most cases, however,
the widths that have been determined from experimental
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FIG. 5: Ratio between the proton and mirror neutron spec-
troscopic factors calculated within the MCM. For the 13N -
13Cmirror pair, the circles represent the calculations obtained
within the two-cluster MCM.
data are associated with Breit-Wigner shapes of the reso-
nant cross sections. The MCM calculations, performed in
this paper for a range of nuclei, have shown that these two
widths can differ by less than 7% for narrow resonances
and up to 30% for broad s-wave resonances. Since the
most interesting applications of RΓ, for example, predic-
tions of resonant proton capture rates using mirror neu-
tron ANCs, require a knowledge of “observed” widths,
investigation of a link between such “observed” widths
with mirror neutron ANCs is also important.
In the present paper we have studied the ratio RΓ
within the MCM. The calculated MCM proton widths
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and neutron ANCs are very sensitive to the details of
the model and to the NN interaction choice, however,
the ratios RMCMΓ0 and RMCMΓ , based on two different
definitions of widths, are in most cases almost model-
independent. Comparison of the ratio RMCMΓ0 ,associated
with the residue in the R-matrix pole, with the predic-
tions Rres0 of Eq. (2) has confirmed the general trend in
its behaviour given by this formula. The difference be-
tween RMCMΓ0 and Rres0 are on average about 20% (see
Fig.4) and does not exceed 30% for the range of nuclei
considered here. This difference is larger than the aver-
age 6% divergence between the ratio of mirror ANCs for
bound-bound mirror pairs obtained in the MCM for the
same nuclei and its analytical estimate [5]. The other ra-
tio, RMCMΓ , associated with “observed widths”, is close
to the estimate Rs.p.Γ , made in the single-particle model
on the assumptions that mirror single-particle potential
well are exactly the same. The average deviation between
RMCMΓ and Rs.p.Γ is about 10% and does not exceed 30%
(see Fig.4). The large deviation, about 30%, obtained
for the 27Mg - 27P mirror pair with the MN potential,
can be explained by the restricted model space used to
generate the wave functions of the 26Mg and 26Si cores.
Let us note that RMCMΓ is close to Rs.p.Γ even for broad
s-wave resonances.
For few resonances, 8B(1+), 12N(2−,1−) and
13N(12
+
, 52
+
), the comparison of the ratio RMCMΓ
with the ratio RexpΓ between experimentally measured
widths and mirror neutron ANCs squared has been
possible. We have observed agreement within the error
bars between RMCMΓ and RexpΓ for 8B(1+), when RexpΓ
has been constructed using new value for Γp from Ref.
[21]. Also, the agreement has been achieved for 12N(1−),
13N(52
+
) and for 13N(12
+
), when RexpΓ is calculated using
neutron ANC from Ref. [22]. For 8B(1+), the ratio
RexpΓ calculated with old value of Γp from Ref. [20] is
larger than RMCMΓ . RexpΓ is also larger than RMCMΓ
for 12N(2−). For 13N(12
+
), RexpΓ constructed with
neutron ANC from [25] is smaller than RMCMΓ . The
disagreement between RMCMΓ and RexpΓ indicates that,
in the first instance, it is necessary to remeasure neutron
ANCs. Unlike RMCMΓ , which does not depend strongly
on model assumptions, RexpΓ is constructed using ANCs
that are determined via theoretical analysis of some
neutron removal reactions. The systematical errors
of such an analysis, for example, due to uncertainty
in optical potential choice or because of influence of
breakup effects, may be as high as 30%. Uncertanties
in proton widths are usually smaller, but as the case of
8B(1+) has shown, they can noticeably influence RexpΓ .
The knowledge of RΓ can be used to predict pro-
ton widths if the mirror neutron ANCs are known. It
can have important astrophysical application to predict
the proton capture rates via the resonances for which
Γp < Γγ . Our calculations have shown that for each res-
onance the different model assumptions and NN poten-
tials give the deviation from the average value of RMCMΓ
no more than 10%. This means that if neutron ANCs
squared are measured with an accuracy of 10-20%, then
the proton widths can be determined with the accuracy
of 10-30%. This is better than the use of unreliable con-
cept of spectroscopic factors in continuum and analysis of
stripping reactions to unbound states for the same pur-
poses.
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